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OBJECTIVES

The objective of this lecture is to review general concepts of solving linear systems using

basic iterative methods (Jacobi, Seidel and Successive Over Relaxation (SOR) methods).

ABSTRACT

This lecture will deal with basic iterative methods of solving linear systems (i.e. Jacobi,
Seidel and SOR methods) and introduce the respective theoretic concepts such as convergence
and convergence rate. We shall discuss parallel versions of the mentioned algorithms as applica-
ble to dense and sparse systems as well as one of the means to accelerate iterative methods.
Chebyshev polynomials will be used as principal mathematical tools. A computational procedure
based on the best properties of these polynomials will be used to accelerate iteration conver-

gence.

GUIDELINES

This time we will start considering methods of solving linear systems that are fundamentally
different from direct ones, i.e. exact problem solving methods. Let Ax=b be a system of linear
equations related to an unknown vector xeR" with a nxn symmetric positive definite (SPD) matrix

size A and vector beR"as the right-hand side vector. Let X~ be the exact system solution.

An iterative method of solving linear systems generates a sequence of vectors X®eR",
s=0, 1, 2,...; the researcher may consider each of them as an approximate system solution. The
first approximation, vector X®eR" | is determined by the researcher. The method is classified as
a convergent one, if for any first approximation x®eR" the sequence x®eR", s=0, 1, 2,...,
converges to the exact solution x". As a matter of practice, two criteria for stopping iterations are
used: accuracy and number of iterations.

Iterative methods are used to solve both dense and sparse linear systems. Unlike direct meth-
ods, iterative ones do not lead to matrix filling in case of sparse systems. As for the implementa-
tion, it involves only multiplying a matrix by a vector thus making sparse systems a preferable
application of iterative methods.

The first part of this lecture will deal with the fixed point iteration method determined by
x®P =6x® + ¢, where G is a iteration matrix. This lecture will also formulate the method and
give a list of its main properties. In particular, a necessary and sufficient condition of conver-
gence is the inequation p(G) <1, where p(G) is the spectral radius of the matrix G. We will

also formulate the parametrized fixed point iteration method described as

(xC — x“))/f + Ax® =p . Method properties will be formulated depending on the parameter



(convergence domain and best parameter choice). Method parallelization issues will also be dis-
cussed.

The second part of this lecture will deal with classic iterative methods based on the idea to
represent the matrix A as a sum of three matrices, A=L+D+R. Here, D is a nxn diagonal matrix
whose principal diagonal coincides with that of the matrix A. L is the lower nxn triangular matrix
whose non-zero (below-diagonal) elements also coincide with those of A and its principal diago-
nal is the zero one. Similarly, R is the upper nxn triangular matrix whose non-zero (above-
diagonal) elements coincide with those of A and its principal diagonal is the zero one, too.

This lecture will also formulate Jacobi, Seidel and SOR methods. In a matrix format, these

methods look like Dx ™ = (-L - R)x" + b (Jacobi method), (L + D)x®™ = —Rx® +b (Seidel

(D + L )(x"" —x)
+
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method), Ax® = b (SOR). The methods will be represented component-

wise; the problem of the best @ value selection for the SOR method will also be discussed. It will
be shown that the SOR method is the most efficient among the described ones (when the respec-
tive w value is selected). We will discuss the ways to parallelize the SOR method and see the re-
sults of the use of SOR for solving linear systems with a dense matrix.

The next part of this lecture will deal with issues related to search acceleration. Let us solve
the Ax=Db system using any iterative method (e.g. SOR) with the iteration matrix G. If the process
is convergent, i.e. p(G) <1, the resulting sequence of vectors will converge to the true solution
x . Now let us suppose that m iterations of the selected method took place, resulting in vectors
x©@ x® ..., x™  each being an approximation of x. The problem is to find the linear combina-
tion y™ of these vectors that will approximate x~ better than x‘™. This problem is reduced to
minimization of the matrix spectral radius p_(G), where p_ isa polynomial.

Let us suppose that the transition matrix G has the following properties (which is routinely
satisfied for a number of iterative methods):

e All matrix G eigenvalues are real;

o All these eigenvalues are within [—p,p], where 0<p<1.

Therefore, we can try to obtain the polynomial p, , where p (1) =1;and max |p,(x)| has

—p<X<p

the smallest possible value among all m™ polynomials.
As the matrix p_(G) eigenvalues are p,(4(G)), such eigenvalues will be small, and so will
be the spectral radius (as the largest among the eigenvalues moduli). Generation of the polyno-

mial p, that meets the formulated conditions is a classic problem of the approximation theory



whose solution is based on Chebyshev’s polynomials. Using Chebyshev’s polynomials, we may

propose an effective method of coefficient computation for the linear combination y™ without
storing all vectors x©,x® ..., x™ .

Unfortunately, the algorithm above is not directly applicable to the SOR method used for
solving the Ax=b system. The point is that the iterative process matrix G for the SOR method
has, in general, complex eigenvalues, while Chebyshev’s acceleration requires that the G eigen-
values be real and belong to [—p,p]. However, this situation may be remedied using the Symmet-
ric SOR method (SSOR). As the name implies, this method is a SOR method modification. One

SSOR stage to calculate the (s+1)™ approximation of x®*? consists of two steps:

e A SOR step that involves calculation of the intermediate approximation x®**/? components in

the normal order;

e A SOR step that involves calculation of the new approximation x®*» components in the re-

verse order.

For SSOR with Chebyshev’s acceleration, computational experiments were performed to
compare the resulting convergence rate with that of the initial method. As expected, this method
proved to be the best if used for solution of a test problem with known eigenvalues of the matrix
A and transition matrix G. Plus, a tenfold acceleration is observed if compared to SOR.

RECOMMENDATIONS FOR STUDENTS

A description of basic iterative methods may be found in any numerical method manual, e. g.
[1, 2]. [3] details the Chebyshev acceleration method.
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PRACTICE

1. Implement the fixed point iteration method to solve a linear system with a SPD matrix
(both its sequential and parallel versions). Estimate how the method parameter influences

the convergence rate. Study the parallel algorithm scalability.



2. Implement the Jacobi and Seidel methods to solve a system of linear equations with a
SPD matrix. Compare the respective convergence rates. Propose parallel implementations

of the above algorithms.

3. Implement the SOR method to solve a system of linear equations with a SPD matrix. See
how the method parameter influences the convergence rate. Propose a parallel implemen-

tation and study its scalability.

TEST

1. For linear systems with a SPD matrix, the SOR method will converge at
a. +oe(0,2)
b. we(-2,2)
c. any o value
2. For linear systems with a SPD matrix, the Seidel method will converge at
a. a zero first approximation only
b. aunit norm first approximation only
c. +any first approximation
3. For linear systems with a SPD matrix, the fixed point iteration method will converge at
a. 1€(0, 2/hmax)
b. +1te(0, 2/(AmintAmax) )
c. any tvalue
4. For the fixed point iteration method,
a. aparallel algorithm cannot be created
b. the solving process may be parallelized at all
c. +asingle iteration may be parallelized
5. Jacobi method may be effectively parallelized
a. for small dense matrices
b. for large dense matrices
c. + for any dense matrices
6. SOR method may be effectively parallelized
a. for small dense matrices
b. +for large dense matrices
c. for any dense matrix
7. SOR method
a. may be effectively parallelized for sparse matrices of any structure

b. + may be effectively parallelized for large sparse block diagonal matrices



c. cannot be parallelized for sparse matrices
8. Iteration matrix eigenvalues for the SSOR method are
a. complex in general
b. real within the range [-p,p], where p>1
c. + real within the range [-p,p], where 0<p<1
9. Chebyshev’s acceleration may be applied to
a. Any iterative method
b. +An iterative method with a symmetric iteration matrix
c. Any iterative method used to solve linear systems with a symmetric matrix
10. Chebyshev’s acceleration may be applied if
a. +the spectral radius of the method iteration matrix is estimated
b. the spectral radius of the system matrix is estimated

c. no spectral radius estimation is required.



